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1. Introduction

The distributions of the number of joins or combinations, Hke AA,
AB, AC; BA, BB, BC; ... between successive observations of a
sequence in which A, B, C, ... occur with the respective probabili
ties p, q, r, ... have been discussed by the writer in detail in
a number of previous communications (1949, 1952, 1958). The cumu-
lants of these distributions were calculated by using the theorem that
the r-th factorial moment is r! times the expectation for r of the cha
racters considered in the distribution (1958). The evaluation of the
cumulants by this method was found to be cumbersome and tedious
on account of heavy algebra. This procedure was simplified to a
considerable extent in a subsequent publication (1952). It was shown
that the r-th cumulant for the distribution of any of the characters
(say AA joins) is given by

frt (n - 0 K'si, S2, ..., St
s^!sj...st! W

where t takes all values from 1 to r and s's take values subject to the
condition that

•yi + •^2 + • • • + -Si =

and ... represent the joint product cumulant of order r for t
joins occurring in succession for the partition s^, . ..,St of r. Thus,
taking x^, X2, ..., to represent joins or combinations between
1st and 2nd; 2nd and 3rd; 3rd and 4th, etc., observations of the
sequence and the expectation of the ;c's to be a, K\2i and K'^, are given
by
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K'lii = E{x^- a) (Xa - af {x^ - a) - 2 [E{x^-a) (xg - a)Y

- [E - a) (X, - a)}(E (x, - a)'} (2)

K'ii = £ (xi — ay (x2 — of — E (xi —af E {x^ —af

-2{E(xi- a)(x2- a)}^ (3)

It can .be easily seen that expectations like

E(xi-a)(xi-a) = 0, (4)

when I is greater than 2.

It would be noted that (2) and (3) have been obtained by using
the expression

log 1 , y
Z_J SilS2! Ss!

«1«2,S3 = 0
Si+S^+SgSf

Z_i Li s^!s,!s^!
«!• Sji S3 = 0
«1+S2+S3 = r

Defining

(n - 3) K\.
s^! sj s^!

as the cumulant expectation of order r for the partition and from
four consecutive observations, it can be seen that the r-th cumulant is
equal to r! x the sum of the cumulant expectations for all the partitions
of r. The partitions will obviously have 1, 2, ...,r parts. If there
are t parts in a partition, the cumulants expectation depends on t joins
obtained from {t + 1) consecutive observations. The object of this
paper is to extend the above procedure for the evaluation of product
cumulants of joint distributions.

- 2. Derivation of Procedure

Let X and Y represent the number of AA and AB joins in a
sequence of n observations. Taking for simplicity,.the product cumulant.
ATgi (XY) it can be seen that

p^f {Y-T^lpq)]:^ (6)

1
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Assuming 2^ = (x, —p^) and w, = {y^ —pq), where x/ and y,
stand for AA and joins or combination joins between r and(/•+l)-th
observation, (6) reduces to

nV, {^(f
= {K' (z,^w,) + K'

+ K'iz^ZiW^

+ K'{z^w^zi) + K'{z^ziw^}

+2""! jf/ +K'iz^zz^wa) +K' (Z1V2Z3)
+ K'iz,w,z,^) + K'{w^z,%)

+ K' (iViZaZs^)}

+ (« —3){K' (ziWiZaZg) + K' (ziZaVVgWa)

+ K' (ziZaZgWa)

+ (« - 4){K' {z^z^z^w^ + K' (Z1W2Z3Z4)

+ K' (Z1Z2W3Z4) + K' (W1Z2Z3Z4).
(7)

The contributions from the other terms are zero. Examining, the left-
hand side of (7), we note that it is the sum of the product cumulant
expectations of the various connected combinations of;c's and j's arising
from the partition of the numbers 3 and 1.

In general, it will be seen that K,,(XY)!r!s! is equal to the sum of
the cumulant expectations of order (r, j) for the connected joins arising
from the partitions of r and s. The number of parts involved in' this
partitions ranges from 1 to r + j.

3. Applications

The product cumulants and for the joint distribution of
the number of AA and AB joins between successive values for a sequence
of n observations have been calculated by the methods developed in
Section 2. Tables I and II give the various combinations involved
in the calculations and their cumulants K'.

The final expressions for {XY) and ^^22 {XY) are given below
the tables. The value of ATig {XY) obtained by this method is also
given below Table I.



Table I

Combinations and Their Cumulant Expectations
K.31

(3! X 1! (Expected
SI. Com Cumulant Value of Cumulant (No. of

No. bination of Combination Combina
shown in Col. 2) tions)

1 2 3 4 5

1 IX. fj,
2 M — 3/a(x/) (jjcija)

3 yjX^ ft — 3ft (Xg®)
4 x^yipc^ /Li (xi^jixa) —y. {x^) /x (ji:c2) —2/^ (xiXg) fi (xjji)

5 Xi^^aJa H- (xAaJa) —H- (^i^) ^^2^2) —2^^ (XiXg) /i (x^jg)
6 XiAXa^ [I (xijixa^) - ^ (xj^i) - 2fi (xixj) (jiXg)

7 ,XiXj^Va ft (xiXa^Va) —fi (Xg^) —2ft(XiXg) ft (XgJ'a)

8 Xi^^g ft (xi2;c2V3) —ft (xi^) fi (:*:2y3) —2ft(xixg) ft*(xij3)

9 XiX22;'3 ft (xixa^ja) - ft (xg^) ft.*(xiy3) - 2fi(XjXa) ft (Xajg)

10 XiXaXg^i ft (xixaxg^j —ft (xiXg) ft - ft*(xix3) ft (x2;v4)
X ft (X2X3)

— + 6p^q—6p''q « — 1
— 6/7^9 n — 2

+ 6p^q + 6p^q
- 6p'(7

—p^q-]-6p^q—6p''q n — 2
3 {—p*q+2p^q-{:4p^q (n — 2)

-6p'q)
3 (—2;>^9 +8/7®?—(« — 2)
3 (—i;V+2i'®9+4p®9 (« — 2)

- 6/7'?)
3 (—2;?^9+2i7®9+6;7®^ (n — 2)

3 (p^q—2p*q—p^q (n — 3)
+4p^q — 2p''q)

3 (j)^q—2p'^q—3p^q (n — 3)
+ 8p^q-4p''q)

- f^* (^1^4) 6j7«g (l-Jf)' (n - 4)
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11 yix^x^xi

12 xiy^x^xi

13 Xj^XiysXi

14 xfy^xs

15 xiy^x^^

16 y1X2^X3

17 ^1^2^:32
18 xiy^x^xa

19 XiXzy^Xa

20 XiX^Xgy^

i^iyixzx^x^ -
X (jVa^s)

M(^172^3^4) -
X fi (^2^3)

ft (;«:iX2j3^4) -
X /X (XgJa)

/i -

^ (^iJa^s®) —

(^1^2%) -

H- (y1X2X3^) —
fi (xiy^x^xa) -

X /i (>>1X2)
(^1^272^3) -
X /i (;t2;;2)

/i (;v:iX2a:373) -
X /A (^2^3)

- MCji^a) ft fe^4) —l '̂*(yiX3) ft (;t2^4)

- fi (:ci:i;2) fi (^3X4) - ij.*(xixa) fi 0'2:^4)

- fi (xix^)fi (3^3X4) —fi*(xiys) fe^4) -

fi (V) (ja^s) —2ft*(XiX3) fi (JC1J2)

fi (;c32) fi (X1J2) - 2/x*(xi^3) (>2^3)

H-iXi^) IJ'*(yiX3) — 2fi (^2^3) ft (;;i:v2)

ft (Ji^2) — 2fi (X2:*:3) ft*(jiX3)
- ft (:*:iJi) ft fesTg) —fi (j£:i:V2)/t*(j'i:C3) —

- ft (a:i:>J2) 0'2^3) —/t (X1J2) fe^s) —

- ft (^1^:2) fi (:C3j3) —IJ.*(XiX3) fJ. (X2J3) -

-/t*0^1^:4) («_4)

-ft*(xix4) -6/7®? (1-/7)2 (n-4)

-ft*(xi;c4) 6 i-p^q+2p^q-p''q) (« - 4)

3(-/'^?+/^®9+2/>«?. («-3)
- 2/7''?)

3{_^4^(1-^)(1_^2) („_3)
+p^qil-p)}

3 (—/'^?+/'®9+4/7®? (« — 3)
- 4/7'?)

3/7^?(-1 +p+2p^-2p^) (n - 3)
/^*(^i^3) 6 (—/7®?+3/>®?—2/7'?) (n —3)

At*(^i^3) 6 (—2/»®?+6/76?—4/7'?) (« —3)

ft* (X1J3) 6 (-2/7s?+4/76?-2/7'?) (m - 3)

K^ii^XY) = The sum of products of columns 4 and 5.
= (n - 2)/;2^ + (3n- IS)/?®? - 2 (21n - 48)pV - 6 (5n - 28)p^g + 18 (15/i - 44)p^g - 6 (35/i - 93)p'q.

Kj3 (XY) calculated as above.
= (n - 2) —(3« - 5) —12(2n - 5)p^g" + 12 (5/i - 11) ^ g(i5„ _ 44) ^4^3 _ 5 (35^ _ 93^ ^5^3

* The product moments in these cases are zero.
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Table II

Combinations and Their Cumulant Expectations

^22

SI. Com Cumulant (2! X2!) (Expected Value of No. of

No. bination Cumulant of Combination Com

shown in Col. 2) bination

1 2 ,3 ' 4 5

1 XiW
2

3 yiW
4 xiyi^x^
5 x-iX^yi
6 ^71^2
7
8 y-tx^x^
9 x^yix^

10 XiX2j3^

11 x^y^yz
12 yixfy^
13 Ji72^3'

14 XiyiXiy^

fi (xiV) - H- (.Xi) (yi) - 2
/X ^ (^^2) ^ (^^2) _ 2 (XiJ2)]2

iVixi) -
IX (Xi^i^xa) -
/X

GV;'iJ'2)
(^^2^2)
(.Vl^^2^3)

(^1^273')

-/^(Jl^)f^(^1^2)-

- fJ. (Xi^) ft (J3^;;2) -
-fi(X2^)fiCVlj2) —
- (Jl^) (^2^3)

[M

2^(xi:Vi)m(^iJ2)
2^(^2^2)^.(^1X2)

, . _ _. 2tJ.(yiXz)iJ, *(yiX3)
- (j'2®) ft *(%^3) - 2/i (X1J2) ft (:>'2 '̂3)
- '̂• CV3^) M(^1-^2) - 2fi *(XiJ'3) M(X2:l'3)

(^i^:i'2J3) - M(V) ft (J'2J3) - 2m (xiy2)y-* (^iJ's)
(7i^2^:>'3) - (^2^) ft* (jlj'3) - 2/i (^1X2) IX, (X2V3)

M(Ji;'2^3^) - (^3^) H- {yiV^ - 2/a*(j'lXg) IX {y^x.,)

[X (X1J1X272) - (^i:^!) ( '̂2J'2) - M(^1^2) (j'lj2)
-^(Xi72)/a(JiX2)

—p^q+2p^q+2p^q^—6p^q^ n--1

p^q—p^q—2p^q^—2p*q+2p^q-\-^p^q^ n--2

—6p^q^
—p^q+2p'^q^+2p^q—(ip^q^ n--2

2 {—p^q+2p^q-{-2p^q^—6 p^q^) (n--2)
2 {—2p*q-\-2p^q-\-6p^q^—6p^q^) (n--2)
2 {-p^q^+2p^q^+2p^q^-6p^^) (n--2\

2 (2p'q^+2pY-6p^q^) (n--2)
2 (—p*q+p^q+2p^q^—2p^q^) {n--3)
2 (—p*q+p^q+4p^q^—4p^q^) (n--3)
2 {p^q—2p*q—2p*q^-\-p^q->r4p^q^ (n--3)

- 2p'q')
2 {—p'^q^+p^q^+2p^q^-2p^q^) («--3)
2 (—p^q^-\-p^q^-\-4p^q^—4p^q'̂ ) («--3)
2ipY-2p'q') («--3)

4 i4p^q^-6p^q^) («--2)
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15 x^y^Xzya M —/^ (X2:V3) "
— /^* (^iJs) H' (Jl^2)

16 XiX2:C2j3 ft {XiX2y2y3) - (x^Xa) fx. (J2J3) •
-/^*(>^lJ3)/i(X2y2)

17 x-iyxViX^ M M(-^iJi) (^2^3) "

18 xyy^x^y^ n (Xiy^Xays) —ft (x^y^) n (x^ys) -
— i"* (^Ja) /A (j'2X3)

19 J1X2J2X3 /X (J1JC2J2X3) —/^ (J1X2) ft (J2X3)-
— /t* (71-^3) (X2J2)

20 ^1X2^373 /t (>i:c2:»i:3:I'3) —H- (3^1X2) (X3J3) "
— (jijs) ft (^2^3)

21 ^i^2J^3J4 H' (-^1-^2^374) ^ (- '̂1^2) M(J3J4) "
-/t*(^l>'4)/i(-^2j3)

22 Ji:ij2X3:»;4 (Xi>'2X3j4) - /^ (X1J2)•
(^1^4)1^ (3^2X3)

23 XiJ2;'3^4 W2J3X4) —M(X1J2) (y3J^4)
— i"* (^1^4) M(^2^3)

24 J1X2J3X4 ft (yiXzyaXi) —ft (j'i;x:2) ft (73;c4) -
— ft* (V1X4) iJ, (X2J3)

25 3^1X2X374 ft (yiX2Xgyi) —ft ft (^3^4)
. -f*(;'iJ4)ftfex3)

26 :1^iJ2X3-^4 ft (:l'lj2X3X4) — ft (J1J2) fl (-^3X4)
— ft* (J1JC4) ft (J2X3)

K22 (XY) = (« —2)p^g —(« + !) —4 (2n —5)
- 6(35/1 - 93) pV.

* The product moments in these cases are zero.

-ft(XlX2)ft*(jlJ3)

-ft(Xlj2)ft(X2j3)-

• ft (X1J2) ft* (j'i:*:3)

- ft* (X1X3) ft (y^ya)

• ft (:fi>-2) ft (^2^3)

• ft* ft fejs)

- fi* (X1J3) ft (-^4)

- ft* (X3X3)f^ (3^274)

-ft*(XlJ3)ft(>'2X4)

- ft* (jlj3) ft (^2^4)

- ft* (;'l-^3)f (^2^4)

- ft* (J1X3) ft (AX4)

4 (—_|_ 3p6^2_- ^P'q") («--3)

4 (-2pV + 6;?®?'--4/7V) («--3)

4(pV-2pV) («--3)

4 (2/;5g2 _ 2p6g2) («--3)

4 (2^V - («--3)

4(2pY-2/pV) («--3)

4 (—;jV + 2/JV - -/^V) («--4)

4(—/7V.+ 2pV--P'q') («--4)

4(pV-/'Y) («--4)

4 (ps^a _ p6^2) («--4)

4 i-p*q^+2p-^q^ - p'g') («--4)

4 {p^q^-p^q^) («--4)

8 (2n - 5)p^g - 2 (5/i - 28)/7V + 4 (5« - lOpS? + 12 (15n - 44)
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It may be worthwhile to mention here that the method developed
here for joins between consecutive observations can be extended for
joins arising from alternate and other observations as well. Here also,
we will have to find the sum of the cumulant expectations for all possible
partitions giving connected combinations.

4. Summary

It has been established in this paper that the r-s product cumulant
for the joint distribution of the number Jir's and ;''s, i.e., AA and AB
joins between consecutive values of a sequence of n observations is
equal to (r.'xs!) (the sum of the cumulant expectation of the various
connected configurations of order r and j obtained for the various
partitions of r and j). The method has been illustrated at length by
calculating the values of and K^o. It has been pointed out that
this method can be extended for calculating the product cumulants
of distributions which include combinations between successive, alter
nate and other observations as well.

My sincere thanks are due to Miss N. S. Shakuntala for helping
me in checking some of the results given in Tables I and II.
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